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ABSTRACT 

We prove global existence and uniqueness of solutions of some important nonlinear 
lattices which include the Fermi-Pasta-Ulam (FPU) lattice. Our result shows (on a par- 
ticular example) that the FPU lattice with high nonlinearity and its continuum limit 
display drastically different behaviour with respect to blow up phenomenon. 
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1 Introduction 



In recent years nonlinear differential-difference equations, also called lattices, attracted a 
great deal of attention. Various aspects of spatially localized solutions of classical and 
quantum lattices with high nonlinearity (i.e. nonlinearity characterized by powers greater 
than four) were discussed in a number of recent papers (see e.g. ^ M and references 
therein) . Related questions are of traditional interest in nonlinear physics because on the 
one hand lattices serve as mathematical models for many physical and biological systems 
like, for example, coupled oscillators, macromolecules, spin chains, etc. On the other hand, 
the discreteness introduces in evolution many new qualitative features compared with the 
respective continuum limits. Among them we can mention Bloch oscillations of bright 
|], |8| and dark j|] solitons in the so-called Ablowitz-Ladik model with a linear potential, 
dynamical localization of a soliton in a periodic potential pj sensitivity of the lattice dy- 



namics to the type of the nonlinearity [10|. One of the most important questions in the 
lattice dynamics is the existence of various types of solutions. An important step in this 
direction has recently been made in [1, 15] where the proof of existence and stability of 
breathers, i.e. solutions periodic in time and localized in space, has been reported. Those 
papers dealt with a special limit, called anticontinuous, when the coupling between two 
neighbour sites is small enough (i.e. when on-site potentials dominate inter-site inter- 
actions). Meanwhile the existence and stability of localized excitations in more relevant 
physical situations when the coupling in nonlinear lattices is of a general type remains 
an open question (unlike the behaviour of various nonlinear continuum models, see e. g. 
P> @> H)- ^ the model considered appears with some kind of dissipative mechanism once 
the global existence it is settle then questions especially important for physical applications 
are the stability and possible uniform rates of decay of the solutions at time approaches 
infinity. Results in this direction will appear in a forthcoming work Jl6| . 

The purpose of the present paper is to prove global existence (and uniqueness) of a 
solution of an important nonlinear lattice, the so-called Fermi-Pasta-Ulam (FPU) lattice. 
In order to obtain our results we built a convenient Banach space and get local solutions via 
a contraction. The calculations are lengthly because we work with estimates of the explicit 
Green function associated to the problem. We prefer it in this way because it becames clear 
in the proofs that the techniques we use work as well for many other important models 
with suitable modifications (see section 4). The lattices are assumed to be described by 
Hamiltonians of the following type 



H = He + n n£ (1) 

where 

ri.o = .. 

2 ^ n 2 



W < = + -IT (Un+l ~ U n ) 2 , (2) 
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with u n = u n (t) being a displacement of the nth particle, M > being the mass of a 
particle, K2 being a force constant and ii n denotes the derivative with respect to time. TLn 
is the linear part describing nearest neighbour interactions. The nonlinear part 7i n t we 
will consider is given by 

H ni = ^ J2 K+i-n n ) p+1 . (3) 
p + 1 

r n=— oo 

where p is an integer, p > 2 and K p+ i is a positive constant. 

The paper is organized as follows: In Sections 2 and 3, we give detailed proofs of local 
and global existence of spatially localized solutions of the FPU lattice. In Section 4 we 
present some other important lattices for which the techniques apply as well with suitable 
modifications, for example the "sine-Gordon" inter-site nonlinearity where the nonlinear 
part is given by 

00 

T-ini = Hsg-is = K i 1 - cos(n n+ i - u n )\ (4) 

n=~ oo 

and the so-called on-site nonlinearity 

P + 1 

1 n=— 00 



2 Local solutions of the FPU lattice 

The evolution equation for the FPU lattice reads 

Mu n = K 2 (u n+1 + u n -i - 2u n ) - K p+1 [(u n - u n _i) p + (u n - u n+1 ) p ] (6) 

All considerations below are restricted to the case when p is odd and M, K2, and K p+ \ 
are positive constants. 

After renormalization y/K^jMt 1— > t the equation of the motion of the lattice (HI)-® 
is written in the form 

a n (t) - Aa n (t) - Xp Aa p n (t) =0 (7) 

where n G 2T, a n (t) = u n+ \ — u n is a relative displacement, Xp = Kp+i/K2, and Af n = 
fn+i + fn-i — 2/ n . We notice that introducing new variable a n (t) makes not only phys- 
ical sense allowing to include kink-like solutions in the consideration. The energy in the 
linearized problem for a n (t) can be used as a norm (see below) while the energy in the 
linearized problem for u n (t) can be treated only as a seminorm. 

We consider a Cauchy problem for equation @ subject to the initial conditions 

a n (t = 0) = a n = a n+ i - a n ; a n (t = 0) = b n = b n+1 - b n (8) 
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which correspond to "physical" initial data for the displacement field of the form 

u n (t = 0) = On, u n (t = 0) = b n (9) 

Note that ([?]), (||) can be (formally) rewritten in the integral form 

oo , t 

l (t)=P n (t)+ X p G 1 (n-m,t- s) a p m {s)ds (10) 



oo , t 

a n (t) = P n (t) + X P / G (n - m,t - s) AaP n (s)ds (11) 

m=— oo 



where /? n (i) is a solution of the Cauchy problem 

n (t) = A(3 n (t) 

Pn(t = 0) = a n ; = 0) = b n (12) 

lim n ^oo P n (t) = 

2 f n , . sin (2i sin a) , , . 

G(n,t) = - / cos (2a n) i - da, (13) 

7r J-7T sin a 

is the Green function associated with (^) and 

2 /""" 

Gi(n,t) = — cos (2an) sin (2i sin a) sin a da, (14) 

with n = 0, ±1,±2, • • •. We recall some elementary properties of the functions G\{n,t) 
and G(n, t) which we will use in what follows 

|6?i(0,t)| <8|t|, (15) 

\Gi(n,t)\ < C ^ + J^ 3 , Vn/0, Vt € R. (16) 

|G(0,t)|<8, (17) 
\t\ 2 

\G(n,t)\ < c Mr, y n ^o,yteM. (is) 

Hereafter various positive constants will be denoted as C but, we remark that they may 
vary from line to line. 

Let T > 0. We consider the linear space i7 = H(T) (it will be refered to as the energy 
space) which consists of all functions a(t) of the form: 

a(t) = (■■■,a j - 1 (t),a j (t),a j+1 (t),---) 
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such that 



(a) each aj (t) e C 2 ([0,T); M) 



(b) 



sup 

0<t<T 



-oo / n— 1 



E E + E 



n=— oo \m=—oo 



< +00. 



We define the norm in H as 

IKOIIh = sup 



0<t<T 



[-00 / n— 1 



+00 



E E + E ««w 



n=— 00 \m=— 00 



(19) 



and (H,\\ ■ \\h) becomes a Banach space. Thus H is the space of spatially localized 
functions a n {t) having finite energy. The respective localization law is implicitly defined 
by©- 



Lemma 1 Let 0(t) = (• • • , (3j-\(t), (3j(t), (3j+%(t), ■ ■ •) where (3 n (t) is the solution of the 
Cauchy problem Assume that {a n } and {b n } satisfy the condition 



-OO / 71—1 



E E i^i 2 + E 1^1 



< 00. 



(20) 



n=— 00 \m=— oo 



Then, for any T > the function (3{t) belongs to the energy space H = H(T) 

Proof. Lemma 1 follows from the explicit representation of the solution (3 n (t) 

+00 

0n(i) = E \G(n - m,t)a m + G(n - m,t)b m 

m=—oo 

and the properties of the Green function. □ 
Let R > 0. We define the subset 
F R = {a(t)eH, |K) -P(-)\\ H < R; a n (0) = /3 n (0), d n (0) = /3„(0), Vn} C F. 
Clearly, Fr is a closed subset of H. 

Theorem 1 (Local Existence). Assume that {a n } and {b n } are as in Lemma 1. Then, 
there exists T > and a unique function 



a (t) = (■ ■ ■ , ctj-x(t), ctj(t), a j+ i (*),■••) 



(21) 



defined in [0, T), suc/i i/iai a^(£) is a solution of (Q), and a(t) belongs to the Banach 
space H . 
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Proof: Let us consider the map 

Pa{t) = (•••, Pa,-!®, Pa,(t), Pa j+1 (t), ■ ■ ■) (22) 



where 

+00 t 

Pa n = (3 n (t) + x P / Gi{n - m,t - s) a p m (s)ds = 

m=—oo ^ 
+00 . t 

= Pn(t)+X P E / G(n-m,t-*)AaP(s)ds, (23) 

m=-oo J ° 

p > 2, < t < T. 

It is useful to note that 

Pa n (t = 0) = a n , j t Pa n {t = 0) = b n . (24) 

The proof consists of two steps: (a) First, we show that P : Fr t— > .Fr if T is chosen 
sufficiently small, (b) For the second step we show that P is contraction on Fr, which 
means that there exists 7, < 7 < 1, such that 

\\Pf -Pg\\ H <i\\f -qWh; Vf,geF R 

provided T is chosen sufficiently small. 

Due to Lemma 1 , in order to show that Pa £ H whenever a G H it is sufficient to show 
that Pa — (3 G H. To this end we consider the two terms in the energy norm separately 
and start with the "potential energy". It follows from (|2^ ) that 



~ 2 

E [ Pa n(t) - n (t)] = X 2 p (Ai + A 2 + A 3 ) (25) 

n=— 00 

where 

+00 +00 +00 „i „i 

Ai= E E I Gi{n - m,t - s) a p m {s)ds I Gi{n - - si) a^is!) d Sl (26) 

Jo Jo 



71= — CO m— — 00 1— — 00 



A-> 



+ OO +00 

' E E 

fl = — CO m— — oc 



/' G x {n-m,t- s)a P n (s)ds f* Gi(0,t - si) a£(«i) ctei (27) 
Jo Jo 
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+oo , „ t s 2 

A z= E / G 1 (0,t-s)c4 l (s)ds) 

Using the fact that 

+00 

]r K( S )rK( Sl )r<iHi^ 



it is straightforward to obtain that 



sup \A Z \ < C\\a\\%T 4 . 

0<t<T 



In order to estimate \Ai\ we first use fllq), what yields 



t H-s\ + \t- s| 3 



\Ai\<c £ E / ' l J ' K-*(')l* 

n=-oo \fe^0 



Next, we take into account that p > 2 and employ (|2^ ) to get 

sup \Ai\ < C\\a\\ 2 £(T 2 + T 4 ) 2 . 

0<t<T 

Similar calculations to the above ones lead to 

sup \A 2 \ < C\\a\\ 2 g{T 2 + T 4 )T 2 . 

0<t<T 

Combining (|30|)-(|33|) we get the estimate for the "potential energy" 

+00 ^ 2 
sup J2 \Pa n (t) ~ Pn(t)] <C\\a\\%(T 2 + T 4 ) 2 . 

Next we calculate 

d ~ ■ + °° ft . 

— Pa n (t) - P n (t) = £ / G(m, t- s) ka p m+n (s)ds. 

m=— 00 " 

It is easy to verify that the relation 

n— 1 +00 

£ E G(m- £,t- s)Aa p e (s) = 

m=— 00 ^=—00 

+00 

= £ [G(m-£,t-a)-G(n-l-£,*-a)] [c$ +1 (s) - c$(sj 



holds. Consequently, we only need to estimate 

hoo I +00 r i 



£ £ / g( 



n=— 00 \t=— 00 







(//— £ — l,t — s) oq +1 (s) — oq(s) 



ds\ <B 1 +B 2 



where 



+00 / +00 „i 
B ^ = 2 E E / G(n-e-l,t-s)\a p e+l (s)-c4( S ) 



ds 



and 



n=-oo y^n-l"" 
n=-oo ^0 

Using (0), (|l^) we estimate i?i and -B2 as follows 

\B 2 \ < CT 2 \\a(-)\\% 



and 



Finally, we have that 



\\Pot -P\\ 2 H < C\\a\\% (T 4 + T 6 + T 8 ) 
;c(i? + \\m\\?H (T 4 + T 6 + T 8 ) <P 



(37) 



(38) 
(39) 



(40) 



if T is chosen sufficiently small. Thus, P : Fr *— > -Fr which shows (a). 

Now we show that P is a contraction map from into -Fr if T is chosen small enough. 
Consider a(t), 5(t) S -ff. We can write 



+00 



sup V [p« n (t) - P5 n (t)l = xl{Cx + C 2 + C 3 ) 



where 



0<t<T 



(41) 



C 1= sup £ / Gi(0,t- a) [<*„(*)-$„(*)] arH^ + '-' + ^r 1 ^) (42) 



C 2 = sup ]T / Gi(0, t - a) M«) + + 



cis x 



-00 ft 



t=-ao 



J2 G 1 (£-n,t-s 1 )[a e (s 1 )-d e (s 1 )\ a p f 1 (s 1 ) + --- + 5 p f 1 (s 1 ) d Sl \ (43) 
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and 



+00 

C 3 = sup V 

0<t<T„ = _„ 



rt +°° 

/ E Gi(n - m,t - s)[a m (s) - 5 m (s)} x 



m— — 00 



a^- 1 ( S ) + -.. + ^- 1 ( S ) 



(44) 



Straightforward estimates using (|l5|), (16) and similar to those provided above yield 



|Cx| < C|K) - 5(-)\\ 2 H T* (\\a(-)\\ H + IMOII*) 30 ^ 

^ciko-^III.t 4 ^- 1 ) 



(45) 



|C 2 | < C||a(.) - o(-)!|^(T 4 + T 5 ) (2||/3(0)||h + 2R)^~ 



i) 



(46) 



|C 3 | < C||a(-) - 5(-)\\ 2 H (T 5 + T 6 ) (2||/3(0)||^ + 2i?) 2 ^ 



i) 



(47) 



Therefore 



+00 



sup V \Pa n (t) - P5 n (t) 



0<t<T 



< 



< C(2||/?(0)|| H + 2R) 2 ^~ 1 \t 4 + T 5 + T 6 )||a(-) - <5(-)||| < 

<C\\a(-)-5(-)\\ 2 H . 

Now we can estimate the "kinetic" term as follows: Let us write 

\ 2 



-00 / +00 



d 



SU P E E 777 Pa m (t) - P6 m (t) =xl{Di + D 2 + D 3 ) 

"i^- 1 n=— 00 \m=— 00 / 



(48) 



(49) 



with 



+00 , . t 

D 1= sup £ ( / G(0,t-3)[a&(8)-%(8 

0<t<T r) __^, VO 



) -<_l( s ) + (5 n-l( s )] ds 



(50) 



D 2 =SU Po < t<T E+r-oo(/oG(0,t- S )K( S )-^( S )-<_ 1 ( S )+Cl(«)]^) >< 



x Et°^ J?G(/,t - si) k + ,(^i) - + C-i(^i) 



dsn 



(51) 



8 



and 



+00 

D 3 = sup V 

0<t<T n= _ n£ 



In the same way as 



+00 „ t 




l=-oo 



Y: / G(£, t - s) U +e (s) - 5 p n+e (s) - al^is) 



ds 



(52) 



have been obtained but now using ( |T7| ) and (|2|) we get 
<C\H-)-5(Wh mW)\\H +2R) 2 ^ (53) 



D x _ „ ,,,, 

D 2 < C||a(.) - 5(0111, (T 2 + ^ 3 ) (2||/3(0)||h + 2i?) 2(p ~ 1) (54) 
Da < c||a(.) _ ( T 3 + T 4 ) (2||/3(0)|| H + 2i?) 2 ^ 1 ) (55) 

Combining the last three inequalities with ( f49| ) and taking T > small enough so that 

C(2| 10(0)1 |ff + 2R) 2( - P ' 1 \T 2 + T 3 + T A + T 5 + T 6 ) < 1 



then P is a contraction in Fr. Consequently, we have a unique fixed point a £ -Fr, i.e., 
Pa = a. This means that 



i.e. 



a 



Paj(t) = ctj(t), Vte[0,T) 
+00 „i 

•(t) =&■(*) + E J^Gxij -m,t- s)a p m {s)d S . 



(56) 
(57) 



m=— 00 

where T > is chosen as above. □ 

Remark 1. We conclude this section mentioning that the norm we have chosen above, 
having rather transparent physical meaning, is not the only allowing us to prove the local 
existence. We could have use for example a Banach space X of functions 

a(t) = (...,aj-i(t),aj(t),aj+i(t), ...) 

such that ctj £ C 1 ([0, T);R) and 

n-l 



H-)\\ 2 X 



sup (1 + n 

-oo<n<oo 



+ 



m=— 00 



(58) 



where 



/n 7 00 



SUP |/rx(*)| 
0<t<T 



and for each n G Z, a n (t) satisfies 



sup |a n (t)| < 00, 

0<t<T 



sup 

0<t<T 



n-l 



" m ^) 



< OO. 
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In a(t) e X then 



a 2 n (t) < 



?x 



n-1 



II 



\m=— oo 



+ n z 



Vn, Vt G [0, T) 



1 + n 2 ' 

which implies that ||a:(-)||if < C|[ck(-)||^ where || • \\h was defined in (21). 



3 Global solution 

In order to prove global existence we will use a conserved quantity of the problem at 
hand. In terms of the depending variables a n (t) one of the conservation quantities is the 
Hamiltonian Tig + Ti n \ itself. In fact, let 



n-l 



2 



E V)= E U( E + \<%t) + < + Ht) \ (59) 

n=— oo I \m=— oo / P ~r 

where a m (t) is the solution found in Theorem 1. If we assume that 

+oo 

\a n \ p+1 < +oo 



n=— oo 



then we can show that E(t) is finite for any t in the interval of existence of a n {t). Straight- 
forward calculation using the fact that a n (t) solves (^)-(|8|) shows that ^ = 0. Conse- 
quently, i^(t)=constant. 

In order to discuss consequences of the conservation of the energy we first notice that 
Theorem 1 gives the local existence of localized excitations in FPU lattice in terms of the 
relative displacements a n (t). Then, the question on the existence of the solution in terms 
of original displacements of the particles arises. It is resolved by the following lemma: 

Lemma 2 Let {a n } and {b n } be as in Lemma 1 and a = (■ • • ,a n (t), ■ ■ ■) be the finite 
energy solution of the Cauchy problem Q), ^) with p > 2. Then, in the interval of 
existence of a n (t) the function 

n 

u n (t)= a ™(t) ( 6 °) 

is well defined and it is bounded. 



m=—oo 



Proof. Substitution of a m by the expression in (|l0|), using the fact that J2n=-oo \ a n{t) \ p+1 < 
+oo with p > 2 and a G H for 

t G [0, T) proves the lemma. □ 
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The solution of the FPU lattice is obtained from the trivial relation 



u n (t) = u n {t) + const 

We know that Zorn's lemma j/J implies that the local solution a(t) we found above 
can be extended to the maximal interval of existence < t < T max . We want to show that 
T max = +00. 

Theorem 2 (Global Existence). Let p > 3 be an odd integer and Xp > 0. Suppose that 
the initial conditions for problem ffi), M) satisfy the assumptions of Lemma 1 and 

+00 

a£ +1 <+oo. (61) 

n=— 00 

Then the finite energy solution a(t) exists globally and it is unique. 

Proof. We consider an interval < T < T max where T could be very near to T max . Let 
a (t) = (■ ■ ■ ,ctj-i(t),ctj(t),aj + i(t),- ■ ■) 

be the solution of (0), (||) in the norm of H given in (^l]). 

Global existence in the energy norm follows as a consequence of the conservation of 
E(t) given in (|59|), the fact that p is an odd integer greater than or equal to 3 and Xp > 0. 

It remains to show that the global solution in unique. To this end suppose that a(t) 
and 5(t) are two solutions of @, (^) with the same initial conditions at t = 0. Let T > 
be fixed but arbitrary. Introduce 

n— 1 ro—l 
v n(t) = a m{t), W n (t) = Y S m{t)- 

m=—oo m=— 00 

Due to Lemma 2, v n (t) and w n (t) are well defined and bounded in any interval. Clearly, 
v n (0) = w n (0) and v n (0) = w n (0). We claim that 

z n (t) = v n (t) - w n {t) = 0, V0<t<T. 

Denote by 

fn(t) = [V n {t) - V n - 1 (t)] P ~ 1 + ■■■+ K(t) " Wn^t)) 1 " 1 ■ 

Then equation for z(t) takes the form 



Z n - Az n = Xp [(z n +l ~ Z n ) f n+ \ - (z n - Z n -\) f n ] 

z n (t = 0) = z(t = 0) = 0. 



(62) 
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Clearly the following relations 

1 d 

2 It 

It — — LXJ 

OO 

= Xp E Z n (t)[(z n+1 - Z n ) fn+l- (Zn 



LXJ 

E {%(t) + [Zn+l(t)-Z n (t)} 2 } 



Z n—X) fn 

holdds and using Cauchy-Schwarz's inequality we deduce that 

oo 

E Z n (t) [( z n+l — z n) fn+l ~ ( z n ~ z n-l) ft 



(63) 



< 



<2 sup \f n (t)\[ E E (*n 



+1 



z nf 



-oo<n<oo 

Next, we take into account that 



sup ||a n (- 

-oo<n<oo 



i-x < IKOIIT 1 . 



m-l 



which implies that sup_ 



oo<n<oo 



\w n \ < oo. Returning to the relation 



where 



£<p(t)<C sup \f n (t)\ v (t) < CMt) 

OjZ — cxD<n<oo 



V{t)= E {^(*) + [^+l(t)-^n(*)] 2 } >0. 



|) we obtain that 
(64) 



From (|64|) and Gronwall's lemma we deduce that ip{t) is identically zero. □ 

Remark 2. The FPU lattice considered in this section if of great practical impor- 
tance and that is why received much attention in physical literature where it has been 
treated with help of numerous approximations. One of the approaches, the so-called 
long-wavelength limit (or continuum limit) is often used in order to reduce the system of 
differential-difference equations to an evolution partial differential equation, namely the 
generalized Korteweg-de Vries (GKdV) equation 



dv d 3 v _ i dv 

— + — + X P v p - 1 — 



0. 



(65) 



dt dx 3 ' /vp " Sx 

with — cxD<x<+oo,f>0. It is well known that (|65|) for p large enough displays a 
dispersive blow up. This was shown by Bona and Saut in || in special situations but 
in general, for p > 5 there is only numerical evidence that blow up really happens. We 
remark that this difficulty does not occur in the discrete case treated above which allows 
us to study strong interactions. 
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4 Some other important models 



In this section we shall consider some additional models for which the global existence 
(and uniqueness) of the solution can be found in the same way we proceed in the previous 
sections. First, we consider the sine-Gordon lattice with nonlinear inter-site interactions 

oo 

Hni = K ^2 i 1 ~ cos(ii n+ i - u n )] (66) 

n=— oo 

and linear part is given by (Q) . The dynamical equations in terms of the relative displace- 
ments a n (t) read 

a n - Aa n - xA sin a n = 0. (67) 

The only difference compared with (0) consists on type of nonlinearity. Hence we can con- 
tinue using the space H we considered in Section 2 with the norm (19) and use Lemma 1. 
Since | sin f\ < \f\ one reduces the problem at hand to the considerations given in The- 
orem 1 to obtain local solutions. In order to obtain global existence we consider the 
function 

E{ f)= E [\{ E + iUn(*) + x[l-cos a n {t)} 



m=—oo 



Using (|67|) it is eassy to prove that ^ = 0. Therefore 

E{t) = constant = E(0) 



Thus, whenever the constant x is positive then, (|68D will tell us that the solution 
a(t) = (..., aj-i(t),aj(t), aj + i(t), ...) remains bounded in the norm of the space H, which 
proves that the solution exist globally. Uniqueness can be shown as we proceeded in 
Theorem 2. 

Next we consider the so-called a lattice with on-site nonlinearity. In this case Tii is as 
in (0) and 



H n f = Hos = ^r E uP+1 
V + 1 _ . 



v + 

The dynamical equations read 

Un ~ A-u n + x P u p n = 



71 



In this case it is convenient to explore again the integral form (12). To prove local existence 
we define for t > the linear space H = H(T) which consists of all functions 

u(t) = (• • • • •) 
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such that 

(a) Uj(t) € C 2 ([0,To); M) 

and 

oo 

(b) sup V \u 2 n {t) + u 2 n {t) <+oo. 
0<t<T n= _ oc J 

The energy norm in H is defined as 

iK*)il!= sup J f; fe(t)+t4(t)ll. 

0<t<T {n^^ 1 J J 

and (H, \\ ■ ||^) is a Banach space, we can easily show that if 

= (■••, /3j(t), p j+1 (*),-••) 

where /3j (£) is the solution of (|H]) with 



oo 

E (l"n| 2 + |b n | 2 ) < +00 (70) 



n=— 00 



then, the function (5{t) belongs to the space H for any T > 0. 

Under the above assumptions we can prove local existence of (|39|) if T is chosen suffi- 
ciently small. Furthermore, if we assume additionally that 



-00 



J2 \a n \ p+1 < +00 

n=— oo 

we can consider the function 

-. +00 +00 

E(t) = z E + E ( 71 ) 

n=— 00 ^ n=— 00 

and show that is finite for any t in the interval of existence. Using (]69| ) we can prove 
that t| = 0, therefore -E(i) =constant= -E'(O) for any £ in the interval of existence, hence, 
if we assume that \ v > and p =odd> 3 we obtain the desired a priori estimate for the 
norm which proves global existence. Uniqueness can be shown as in Theorem 2. 

Similar discussions can be done for the so-called sine-Gordon on-site nonlinear lattice 

u n - Au n + x sin u n = 0. 
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